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a b s t r a c t
In portfolio selection problem, the expected return, risk, liquidity etc. cannot be predicted
precisely. The investor generally makes his portfolio decision according to his experience
and his economic wisdom. So, deterministic portfolio selection is not a good choice for the
investor. In most of the recent works on this problem, fuzzy set theory is widely used to
model the problem in uncertain environments. This paper utilizes the concept of interval
numbers in fuzzy set theory to extend the classical mean–variance (MV) portfolio selection
model into mean–variance–skewness (MVS) model with consideration of transaction cost.
In addition, some other criteria like short and long term returns, liquidity, dividends,
number of assets in the portfolio and the maximum and minimum allowable capital
invested in stocks of any selected company are considered. Three different models have
been proposed by defining the future financial market optimistically, pessimistically and
in the combined form to model the fuzzy MVS portfolio selection problem. In order to
solve the models, fuzzy simulation (FS) and elitist genetic algorithm (EGA) are integrated
to produce a more powerful and effective hybrid intelligence algorithm (HIA). Finally, our
approaches are tested on a set of stock data from Bombay Stock Exchange (BSE).
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Although the foundation of modern mathematical models in economics can be traced back to Louis Bachelier’s [1]
dissertation on the theory of speculation in 1900, without hesitation, the work of Markowitz [2] in portfolio selection has
been the most impact-making development in mathematical finance management. Since returns are uncertain in nature,
the allocation of capital in different risky assets to minimize the risk and to maximize the return is the main concern of
portfolio selection.
Most of the reasonable works on portfolio selection have been done based on only the first two moments of return
distribution. The first order moment about the origin, i.e., the mean, quantifies the return and the second order moment
about the mean, i.e., the variance, quantifies the risk. The third order moment about the mean of a return distribution
i.e., skewness measures the asymmetry of the distribution. A natural extension of the mean–variance model is to add
the skewness as a factor for consideration in portfolio management. There are three goals, maximizing the mean and the
skewness andminimizing the variance. One interested in considering skewness prefers a portfolio with a higher probability
of large payoffs when mean and variance remain the same. The importance of higher order moments in portfolio selection
was suggested by Samuelson [3]. But skewness started to be considered in portfolio selection problems by 1990 and this
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work was done by Lai [4], Konno and Suzuki [5], Chunhachinda et al. [6], Liu et al. [7], Prakash et al. [8], Briec et al. [9], Yu
et al. [10], among others.
All the above-mentioned papers assume that the security returns are random variables. But there are many non-
stochastic factors that affect stock markets and they are improper to deal with stochastic approaches. By incurring fuzzy
approaches quantitative analysis, qualitative analysis, experts’ knowledge and investors’ subjective opinions can be better
integrated into a portfolio selection model. Ramaswamy [11], Parra et al. [12], Zhang and Nie [13], Bilbao-Terol et al. [14],
Gupta et al. [15], Huang [16,17], Lin and Liu [18], Bhattacharyya et al. [19], Li et al. [20] etc. studied fuzzy portfolio selection.
In the decision making field another approach, based on interval approximation of fuzzy numbers, allows handling
imprecise input data. It assumes that the information of a decision making problem are not well defined but may vary in
given intervals. Interval valued fuzzy set theory was introduced separately in the mid-seventies by Grattan-Guinness [21],
Jahn [22], Sambuc [23] and Zadeh [24]. It is a popular extension of fuzzy set theory where traditional [0, 1] valued
membership degrees are replaced by intervals in [0, 1] that approximate the (partial unknown) precise degrees. Hence not
only vagueness, i.e., lack of sharp class boundaries, but also a feature of uncertainty i.e., lack of information can be addressed
intuitively. Furthermore, interval valued fuzzy sets are by far easier to handle than the likewise type-2 fuzzy sets. Basically
interval valued fuzzy sets are a special case of type-2 fuzzy sets, called interval type-2 fuzzy sets (c.f. Cornelis et al. [25]). It
also includes the syntactically alike structure of Atanassov’s [26] intuitionistic fuzzy sets and Gau and Buehrer’s [27] vague
sets. On this subject, in Alefeld and Mayer [28] both theory and some applications of interval analysis are presented.
Recently, many applications of interval programming to portfolio selection problem can be found. Parra et al. [12]
developed a goal programming (GP) model for portfolio selection, based on the expected intervals of fuzzy numbers that
define the objectives and target values. By introducing concepts and operations of intervals, such as ‘distance’ and ‘difference’
and by taking into account three criteria, return, risk and liquidity, the GPmodel was constructed. Lai et al. [29] extended the
Markowitz’s model to an interval programming model by quantifying the expected return and the covariance as intervals.
Ida [30,31] solvedmulti-objective portfolio selection problemswith interval coefficients, in aMarkowitz’s framework. Giove
et al. [32] formulated a minimax regret portfolio selection problem in which the prices of the securities are considered as
interval variables. Here, the initial interval problem is transformed into a set of optimization problems. Using the average
semi-absolute deviation measure of risk, Fang et al. [33] proposed a linear interval programming model. Based on some
order of relationships between intervals, their model is transformed into a traditional linear programming problem.
All the relevant information for an investment decision cannot be confined in terms of explicit return and risk. By
capturing additional and alternative decision criteria, a portfolio that is dominated with respect to expected return and
risk may frame for the shortfall in these two important factors by a very good act on one or several other criteria. As a
result, portfolio selection models that consider more criteria than the standard expected return and variance objectives of
the Markowitz model have become well-liked. Parra et al. [12] anticipated the model that consists of three criteria, return,
risk and liquidity. Ehrgott et al. [34] proposed amodel having five criteria, viz., short and long term return, dividend, ranking
and risk and usedmulti-criteria decisionmaking approach to solve the portfolio selection problem. Fang et al. [33] proposed
a portfolio rebalancing model with transaction costs based on fuzzy decision theory considering three criteria, return, risk
and liquidity.
Though a considerable number of research papers has been published for portfolio selection problem in fuzzy
environment, none has considered mean–variance–skewness model with transaction costs for portfolio selection with
interval coefficients under the consideration of constraints on short and long term returns with transaction costs, liquidity,
dividends, the number of assets in the portfolio and the maximum and the minimum allowable capital invested in selected
stocks. In this paper, a short discussion on interval number is given in Section 2. In Section 3, three different models using
interval numbers are constructed for fuzzy portfolio optimization in optimistic, pessimistic and combined cases. In Section 4,
hybrid intelligence algorithm is briefly discussed. In Section 5 share price data from Bombay stock exchange (BSE), India is
used to illustrate the effectiveness of the algorithm and finally in Section 6 some conclusions are specified.
2. Interval numbers and interval arithmetic
LetR be the set of all the real numbers. An order pair in a bracket defines an interval
A = [α, α] = {x : α ≤ x ≤ α, x ∈ R},
where α is the lower bound and α is the upper bound of interval A. The center and the width of A are defined as
m(A) = α + α
2
and w(A) = α − α
2
.
A can also be denoted by its center and width as
A = ⟨m(A), w(A)⟩ = {x : m(A)− w(A) ≤ x ≤ m(A)+ w(A), x ∈ R}.
The annex of ordinary arithmetic to closed intervals is recognized as interval arithmetic. First, we extract some fundamental
concepts (c.f. [28,35]), as follows:
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Definition 1. Let o ∈ {+,−,×,÷}be a binary operation onR. LetA andBbe two closed intervals. Then the binary operation
on the set of all closed intervals is defined by A o B = {x o y : x ∈ A, y ∈ B}.
In the case of division, it is always assumed that 0 does not belong to B. The operations on intervals are as follows:
A+ B = [α + β, α + β],
A− B = [α − β, α − β],
A± k = [α ± k, α ± k], k ∈ R.
kA = k[α, α] =
[kα, kα], k ≥ 0
[kα, kα], k < 0 , k ∈ R.
An interval number is considered as a special fuzzy number whosemembership function takes the value 1 over the interval,
and 0 anywhere else. Clearly, the above four operations of intervals are equivalent to the operations of addition, subtraction
and scalar multiplication of fuzzy numbers by means of the extension principle of Zadeh [36]. Rommelfanger et al. [37]
inspected the interval programming problem like a fuzzy programming problem. Ishibuchi and Tanaka [38] suggested an
order relation among two intervals.
Definition 2. For any two interval numbers A = [α, α] and B = [β, β], there is an interval inequality relation A ≤ B among
the two interval numbers A and B if and only ifm(A) ≤ m(B). Furthermore, if α ≤ β , the interval inequality relation A ≤ B
between A and B is said to be optimistic satisfactory; if α > β , the interval inequality relation A ≤ B between A and B is said
to be pessimistic satisfactory.
3. The portfolio selection model
In this section we will first describe the assumptions and notations used in the construction of the paper. Then the
objective functions of the models will be constructed in the next subsection. In the third subsection we will discuss the
constraints used in our portfolio selection model. The fourth subsection will include three different mathematical models
for different situations.
3.1. Assumptions and notations
Let us consider a financial market with n risky assets. An investor allocates his wealth among the risky assets.
For ith risky asset (i = 1, 2, . . . , n), let us use the following notations:
xi = the proportion of the total capital invested,
pi = the closing price of at present,
p′i = the estimated closing price in the next year,
di = the estimated annual dividend in the next year,
Ri = (p′i + di − pi)/pi = the return,
σij = cov(Ri, Rj), the covariance between Ri and Rj, j = 1, 2, 3, . . . , n and (σij)n×n is semi-positive definite.
R(12)i = the average 12 months return,
R(36)i = the average 36 months return,
ci = the transaction cost,
ki = the constant cost per change in a proportion, ki ≥ 0,
yi = the binary variable indicating whether the ith asset is contained in the portfolio or not, yi = 1, if the ith asset is
contained in the portfolio and 0, otherwise.
3.2. Formulation of objective functions with interval coefficients
Let us consider the transaction cost ci to be a V-shaped function of the difference between a given portfolio x0 =
(x01, x
0
2, . . . , x
0
n) and a new portfolio x = (x1, x2, . . . , xn) and is incorporated explicitly into the portfolio return. Thus the
transaction cost of ith risky asset can be expressed as
ci = ki|xi − x0i |, i = 1, 2, 3, . . . , n.
Hence the total transaction cost is
n−
i=1
ci =
n−
i=1
ki|xi − x0i |.
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The expected return of portfolio x = (x1, x2, . . . , xn)with transaction cost is thus given by
R(x) =
n−
i=1
Rixi −
n−
i=1
ki|xi − x0i |. (3.2.1)
Variance and skewness of the portfolio x = (x1, x2, . . . , xn) respectively are
σ 2(x) =
n−
i=1
n−
j=1
σijxixj, (3.2.2)
S(x) =
n−
i=1
n−
j=1
n−
k=1
E(RiRjRk)xixjxk
 n−
i=1
n−
j=1
σijxixj
3/2
. (3.2.3)
For a new investor it can be assumed that x0i = 0, i = 1, 2, . . . , n.
It is impossible to forecast future returns of securities in any budding securitiesmarket. The arithmeticmean of historical
returns is in general considered as the expected return of the security and so it is obtained as a crisp value. However, for this
technique, two main problems need to be solved. If historical data for a long period of time are considered to find out the
arithmetic mean, the influence of the earlier historical data is the same as that of the recent data. However, recent data of
a security is more important than the earlier historical data. Secondly, if the historical data of a security are not adequate,
due to lack of information (data), the estimation of the statistical parameters are not accurate.
For these reasons, the expected return of a security can be considered as an interval number in place of the arithmetic
mean of historical data. To determine the range of change in expected returns of securities, let us consider the following
three factors:
1. Arithmetic mean: Although arithmetic mean of returns of a security should not be expressed as expected return directly,
they are a good approximation. Denote the arithmetic mean return of the ith security as Ri, which can be calculated with
historical data.
2. Historical return tendency: If recent returns of a security have been increasing, the expected return of the security is greater
than the arithmeticmean based on historical data. If recent returns of a security have been declining, the expected return
of the security is smaller than the arithmetic mean based on historical data. Denote the historical return tendency factor
as Hi. We can use the arithmetic mean of recent returns of the ith security as Hi.
3. Forecast of future returns of a security: The third factor influencing the expected return of a security is its estimated future
return. Based on the financial reports of a corporation, if we believe that the returns on this corporation’s stock will
increase then the expected returns of this security should be larger than Ri. On the contrary, if we think that returns of
this corporation’s stock will decrease in future, the expected return of this security will be smaller than the arithmetic
mean Ri. Denote the forecast return factor as Fi. Computation of derivation of Fi requires some forecasts based on the
financial reports and experts’ individual experiences.
Based on the above three factors, we can derive lower and upper limits of the expected return of the security. We can put
the minimum of the three factors, Ri, Hi and Fi, as the lower limit of the expected return, while we can put the maximum
values of the three factors Ri, Hi and Fi as the upper limit of the expected return of the security.
Let δil = Ri − min{Ri,Hi, Fi} and δir = max{Ri,Hi, Fi} − Ri. Then the fuzzy expected return for the ith security can be
represented by the interval number R˜i = [Ri − δil, Ri + δir ].
Similarly, in fuzzy environment, the risk and skewness cannot be predicted exactly. So the variance and skewness can
also be considered as fuzzy numbers. Now the interval estimates for the first moment or expected return already (at least
to a large extent) reflect the role of the second moment or variance in the univariate context. Thus, there is potentially
some doubt-counting of variance based on the objective function. The same problem may carry over to covariance in the
multivariate context. Now, it is fine to have interval estimates for the secondmoment due to so called ‘‘volatility of volatility’’,
which is well recognized in the stochastic volatility literature and can clearly be extended in fuzzy environment. Such
‘‘volatility of volatility’’ might also interact with skewness in the univariate context and co-skewness in the multivariate
context. Hence in this literature we consider the expected return, variance and skewness as interval numbers.
Let the fuzzy expected return, covariance and central co-moment are respectively denoted by the following interval
numbers:
R˜i = [Ri − δil, Ri + δir ],
σ˜ij = [σij − δijl, σij + δijr ],
ψ˜ijk = [E(RiRjRk)− δijkl, E(RiRjRk)+ δijkr ].
 (3.2.4)
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Then the fuzzy expected return, risk and skewness are respectively defined by
R˜(x) =
n−
i=1
R˜ixi −
n−
i=1
ki|xi − x0i |,
σ 2(x) = n−
i=1
n−
j=1
σ˜ijxixj,
S˜(x) =
n−
i=1
n−
j=1
n−
k=1
ψ˜ijkxixjxk
 n−
i=1
n−
j=1
σ˜ijxixj
3/2
.

(3.2.5)
Since xi ≥ 0, we have interval numbers
R˜(x) = [R(x)− δRL(x), R(x)+ δRR(x)],σ 2(x) = [σ 2(x)− δVL(x), σ 2(x)+ δVR(x)],
S˜(x) = [S(x)− δSL(x), S(x)+ δSR(x)].
 (3.2.6)
where
R(x)− δRL(x) =
n−
i=1
(Ri − δil)xi −
n−
i=1
ki|xi − x0i |, R(x)+ δRR(x) =
n−
i=1
(Ri + δir)xi −
n−
i=1
ki|xi − x0i |,
σ 2(x)− δVL(x) =
n−
i=1
n−
j=1
(σij − δijl)xixj, σ 2(x)+ δVR(x) =
n−
i=1
n−
j=1
(σij + δijr)xixj,
S(x)− δSL(x) =
n−
i=1
n−
j=1
n−
k=1
(E(RiRjRk)− δijkl)xixjxk
 n−
i=1
n−
j=1
(σij + δijr)xixj
3/2
,
S(x)+ δSR(x) =
n−
i=1
n−
j=1
n−
k=1
(E(RiRjRk)+ δijkr)xixjxk
 n−
i=1
n−
j=1
(σij − δijl)xixj
3/2
.

(3.2.7)
So the objectives of the portfolio selection problem areMinimize
σ 2(x)
Maximize R˜(x)
Maximize S˜(x).
(3.2.8)
The problem (3.2.8) is a multiple objective optimization problem. We have applied the scalarization method to convert the
tri-objective problem into the single objective optimization problem (3.2.9).
Minimize [α.σ 2(x)− β.R˜(x)− γ .S˜(x)]. (3.2.9)
Here α, β and γ are positive real numbers (α, β and γ need not be normalized as 0 ≤ α, β, γ ≤ 1), and provide the Pareto
optimal solutions of problem (3.2.8). If x∗ is an optimal solution of problem (3.2.9), then x∗ is a Pareto optimal solution of
problem (3.2.8) (see [39]). Here α, β and γ represent the weights of the three associated objectives.
Note that the scalarizationmethod is one of the possible ways to deal withmulti-objective optimization problems. There
are other methods like goal programming methods, fuzzy goal programming methods, global criteria methods and many
others.
3.3. Construction of the constraints
For the portfolio x = (x1, x2, . . . , xn), the expected short term return is expressed as
Rst(x) =
n−
i=1
R(12)i xi −
n−
i=1
ki|xi − x0i |. (3.3.1)
For the portfolio x = (x1, x2, . . . , xn), the expected long term return is expressed as
Rlt(x) =
n−
i=1
R(36)i xi −
n−
i=1
ki|xi − x0i |. (3.3.2)
From the discussion in Section 3.2, it is clear that the short term return (comparable with recent return Hi) and long term
return (comparable with arithmetic mean Ri) have a huge impact on the portfolio. So in addition to the return objective, it
will be good to consider also the short and long term returns separately in the model. Some investors may plan their asset
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allocation on short term, long term or both bases. They should prefer a portfolio having a minimum short term or long term
or both types of return. For that reason the investors may consider the following two constraints
Rst(x) ≥ ς,
Rlt(x) ≥ τ ,

(3.3.3)
where ς and τ will be allocated by the investors.
Dividends are payments made by a company to its shareholders. It is the portion of corporate profits paid out to the
investors. For the portfolio x = (x1, x2, . . . , xn), the annual dividend is expressed as
D(x) =
n−
i=1
dixi. (3.3.4)
Some investors may like to have a portfolio which yields them a high dividend. Keeping in mind this fact we propose the
following constraint:
D(x) ≥ d, (3.3.5)
where dwill be allocated by the investor.
Liquidity is the degree of probability of converting an investment into cash without any significant loss in value. For an
asset liquidity may be measured with respect to the turnover rate. Turnover rate is the proportion between the average
stock traded at the market and the tradable stock of that asset. Investors usually prefer greater liquidity. Turn over rates of
assets cannot be predicted precisely. So we assume the turnover rate of the ith stock as the trapezoidal fuzzy number A˜i =
(ai, bi, ci, di)with the interval [bi, ci] as the tolerance intervals. Then the turn over rate of the portfolio x = (x1, x2, . . . , xn)
is
∑n
i=1 A˜ixi =
∑n
i=1(ai, bi, ci, di)xi. Using the fuzzy extension principle, the crisp possibilistic mean value of the turn over
rate of the portfolio x = (x1, x2, . . . , xn) is obtained by [40] as,
L(x) = E

n−
i=1
A˜ixi

=
∫ 1
0
[(ai + (bi − ai)α)+ (di − (di − ci)α)]xidα = 16
n−
i=1
(ai + 2(bi + ci)+ di).xi. (3.3.6)
Since investors prefer a portfolio having high liquidity, investors may consider the following constraint:
L(x) ≥ l, (3.3.7)
where lwill be allocated by the investor.
The well known capital budget constraint on the assets is presented by:
n−
i=1
xi = 1. (3.3.8)
The investors would like to pick up the assets among all the assets in a given set such that his subjective estimates are likely
to yield the greatest performance. Thus it is not necessary that all the assets in the given set may configure in the portfolio.
Investors can thus consider the number of assets they can effectively handle in a portfolio.
Let the number of assets that an investor can handle effectively in his portfolio be k (1 ≤ k ≤ n). Then
n−
i=1
yi = k. (3.3.9)
Themaximumandminimum fractions of the capital budget being allocated to each of the assets in the portfolio depend upon
factors like price relative to the asset in comparison with the average of the price of all the assets in the chosen portfolio,
minimal lot size that can be traded in the market, the past performance of the price of the asset, information available about
the issuer of the asset, trends in the business of which it is a division etc. Different investors having different views may
allocate the same overall capital budget differently.
Let the maximum fraction of the capital that can be invested in a single selected asset i isMi. Then
xi ≤ Miyi ∀i = 1, 2, . . . , n. (3.3.10)
Let the minimum fraction of the capital that can be invested in a single asset i ismi. Then
xi ≥ miyi ∀i = 1, 2, . . . , n. (3.3.11)
The above two constraints ensure that neither a huge amount nor a very tiny amount of the assets are assigned in a single
stock of the portfolio. Huge amount of investment of the asset in a single stock opposes the motto of selecting a portfolio
(i.e., diversification of investment). On the other hand, negligible amount of investment in a portfolio is impractical. For
example, investing neither 80% nor 0.0005% of the asset in a single stock of the portfolio is good. Note that for (n − k)
number of stocks, we have xi = 0. Only for the selected stocks we have,mi ≤ xi ≤ Mi.
No short selling is considered in the portfolio here. So we have
xi ≥ 0 ∀i = 1, 2, . . . , n. (3.3.12)
It is to be noted that the above stated constraints are a possible way to approach the problem. It will entirely depend upon
the view of the investors into the problem.
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3.4. Construction of the portfolio selection models
Keeping in mind the objective function and constraint obtained in the previous two subsections, the fuzzy investment
problem is constructed as follows:
Min [α.σ 2(x)− β.R˜(x)− γ .S˜(x)]
subject to
Rst(x) ≥ ς, Rlt(x) ≥ τ ,
L(x) ≥ l, D(x) ≥ d,
n−
i=1
xi = 1,
n−
i=1
yi = k,
xi ≤ Miyi, xi ≥ miyi, i = 1, 2, . . . , n,
xi ≥ 0, yi ∈ {0, 1}, i = 1, 2, . . . , n.
(3.4.1)
Denote
Fl(x) = α.[σ 2(x)− δVL(x)] − β.[R(x)+ δRR(x)] − γ .[S(x)+ δSR(x)],
Fr(x) = α.[σ 2(x)+ δVR(x)] − β.[R(x)− δRL(x)] − γ .[S(x)− δSL(x)].

(3.4.2)
Then clearly,
α.σ 2(x)− β.R˜(x)− γ .S˜(x) = [Fl(x), Fr(x)]. (3.4.3)
Thus the objective function becomes an interval [Fl(x), Fr(x)] satisfying Eq. (3.4.2) and the minimization can be interpreted
as an optimization problem defined on the basis of some order of relations between intervals. One can refer to Lai et al. [29]
for more details on this approach of interval programming.
From the above, let us construct the following three crisp optimization models (3.4.4)–(3.4.6).
min Fl(x)
subject to
Rst(x) ≥ ς, Rlt(x) ≥ τ
L(x) ≥ l, D(x) ≥ d
n−
i=1
xi = 1,
n−
i=1
yi = k
xi ≤ Miyi, xi ≥ miyi, i = 1, 2, . . . , n
xi ≥ 0, yi ∈ {0, 1}, i = 1, 2, . . . , n.
(3.4.4)
From the objective function Fl(x) in model (3.4.4), we can observe that the investor estimates the return, skewness and risk
optimistically, and aims to optimize the total objective in this case.
min Fr(x)
subject to
Rst(x) ≥ ς, Rlt(x) ≥ τ ,
L(x) ≥ l, D(x) ≥ d,
n−
i=1
xi = 1,
n−
i=1
yi = k,
xi ≤ Miyi, xi ≥ miyi, i = 1, 2, . . . , n,
xi ≥ 0, yi ∈ {0, 1}, i = 1, 2, . . . , n.
(3.4.5)
In contrast to model (3.4.4), in model (3.4.5) the investor estimates the return, skewness and risk of risky assets
pessimistically, and the investor aims to optimize the total objective based on his assumption.
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min F(x) = λ.Fr(x)+ (1− λ).Fl(x)
subject to
Rst(x) ≥ ς, Rlt(x) ≥ τ ,
L(x) ≥ l, D(x) ≥ d,
n−
i=1
xi = 1,
n−
i=1
yi = k,
xi ≤ Miyi, xi ≥ miyi, i = 1, 2, . . . , n,
xi ≥ 0, yi ∈ {0, 1}, i = 1, 2, . . . , n.
(3.4.6)
where λ ∈ (0, 1) is given by the investor.
The model (3.4.6) covers the scenario where the investor makes his portfolio selection neither too optimistically nor too
pessimistically; to some extent optimistic, but to some extent he is pessimistic, i.e., this model covers a balanced one.
The investor selects a model on the basis of different estimations of return, risk and skewness.
4. Hybrid intelligence algorithm
Genetic algorithms (GAs) are stochastic searchmethods based on the principles of natural genetic systems. They perform
a multidimensional search in providing an optimal solution for evaluation function of an optimization problem. Since
Holland [41] first proposed it in 1975, genetic algorithm has been widely studied, experimented and applied in many fields
like operations research, finance, industrial engineering, VLSI design, pattern recognition, image processing etc.
While solving an optimization problem using genetic algorithms, each solution is coded as a string of finite length over
a finite alphabet. Each string is considered as an individual. A collection of M (finite) such individuals is called a population.
Genetic algorithms start with a randomly generated population of size M. In each iteration, a new population of the same
size is generated using three basic operations on the individuals of the population. The operations are selection, crossing
over and mutation. The new population obtained after selection, cross over and mutation is then used to generate another
population. The number of possible population is always finite since the alphabet is a finite set and M is always finite. If
the knowledge about the best string is preserved within the population, such a model is called a genetic algorithm with an
elitist model (EGA). An EGA converges to the global solution with any choice of initial population (c.f. Bhandari et al. [42]).
To find the optimal portfolio, we integrate fuzzy simulation into the GA. The GA procedure has been introduced in detail in
Huang [43]. Here, we summarize the hybrid intelligent algorithm as follows:
1. In the GA, a solution x = (x1, x2, . . . , xn) is represented by the chromosome C = (c1, c2, . . . , cn), where the genes
c1, c2, . . . , cn are in the interval [0, 1]. The matching between the solution and the chromosome is through xi =
ci
c1+c2+···+cn , i = 1, 2, . . . , n, which ensures that x1 + x2 + · · · + xn = 1 always holds. Randomly generate a point C
from the hypercube [0, 1]n. Use fuzzy simulation to calculate the values of F(x), and then, to check the feasibility of the
chromosomes. Take the feasible chromosomes as the initial population.
2. Calculate the objective values for all chromosomes by fuzzy simulation. Then, give the rank order of the chromosomes
according to the objective values. The smaller the value of F(x) is, the better the chromosome is, and the smaller
the ordinal number the chromosome has. Next, compute the values of the rank-based-evaluation function of the
chromosomes, and then, the fitness of each chromosome according to the rank-based-evaluation function.
3. Select the chromosomes by spinning the roulette wheel, which is fitness proportional.
4. Update the chromosomes by crossover and mutation operations. Check the feasibility of the chromosomes in a similar
way as the first step.
5. Take the best chromosome. The chromosome with the minimum value of F(x) is the best chromosome. Keeping the best
chromosome in the population select another population as in step 1.
6. Repeat steps 2 to 5 a number of times.
7. The best string obtained at the last iteration is the required solution.
In this work, a solution X = (x1, x2, . . . , xn) is encoded by a chromosome C = (c1, c2, . . . , cn). The search space of
x1, x2, . . . , xn are [0, 1]. The chromosome that satisfies the constraints of the model is feasible.
5. Real life case study: application to the stocks of BSE
In this section we apply our portfolio selection model on the data set extracted from Bombay stock exchange (BSE).
Bombay Stock Exchange is the oldest stock exchange in Asia with a rich heritage of over 133 years of existence. What is
now popularly known as BSE was established as ‘‘The Native Share & Stock Brokers’ Association’’ in 1875. It is the first
stock exchange in India which obtained permanent recognition (in 1956) from the Government of India under the Securities
Contracts (Regulation) Act (SCRA) 1956.With demutualization, the stock exchange has two ofworld’s prominent exchanges,
Deutsche Borse and Singapore Exchange, as its strategic partners. Today, BSE is the world’s number 1 exchange in terms
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Table 1
Input data.
Company Return (Ri)
RE [0.0323, 0.0324]
LT [0.0484, 0.0485]
BH [0.0430, 0.0431]
TS [0.0306, 0.0307]
SB [0.0347, 0.0348]
Table 2
Central product co-moments.R1 R2 R3 R4 R5R1R1 [0.205, 0.206] [0.065, 0.066] [0.015, 0.016] [0.019, 0.020] [−0.025,−0.024]R1R2 [0.065, 0.066] [0.090, 0.091] [0.006, 0.007] [−0.033,−0.032] [−0.059,−0.058]R1R3 [0.015, 0.016] [0.006, 0.007] [−0.017,−0.016] [−0.037,−0.036] [−0.065,−0.064]R1R4 [0.019, 0.020] [−0.033,−0.032] [−0.037,−0.036] [−0.005,−0.004] [−0.036,−0.035]R1R5 [−0.025,−0.024] [−0.059,−0.058] [−0.065,−0.064] [−0.036,−0.035] [−0.021,−0.020]R2R2 [0.090, 0.091] [−0.030,−0.029] [0.025, 0.026] [0.005, 0.006] [−0.013,−0.012]R2R3 [0.006, 0.007] [0.025, 0.026] [0.018, 0.019] [−0.042,−0.041] [−0.053,−0.052]R2R4 [−0.033,−0.032] [0.005, 0.006] [−0.042,−0.041] [−0.027,−0.026] [−0.028,−0.027]R2R5 [−0.059,−0.058] [−0.013,−0.012] [−0.053,−0.052] [−0.028,−0.027] [−0.039,−0.038]R3R3 [−0.017,−0.016] [0.018, 0.019] [−0.109,−0.108] [0.005, 0.006] [−0.005,−0.004]R3R4 [−0.037,−0.036] [−0.042,−0.041] [0.005, 0.006] [−0.027,−0.026] [−0.038,−0.037]R3R5 [−0.065,−0.064] [−0.053,−0.052] [−0.005,−0.004] [−0.038,−0.037] [−0.042,−0.041]R4R4 [−0.005,−0.004] [−0.027,−0.026] [−0.027,−0.026] [−0.031,−0.030] [−0.016,−0.015]R4R5 [−0.036,−0.035] [−0.028,−0.027] [−0.038,−0.037] [−0.016,−0.015] [−0.021,−0.020]R5R5 [−0.021,−0.020] [−0.039,−0.038] [−0.042,−0.041] [−0.021,−0.020] [−0.017,−0.016]
of the number of listed companies and the world’s 5th in handling of transactions through its electronic trading system.
The companies listed on BSE command a total market capitalization of USD Trillion 1.06 as of July, 2009. The BSE Index,
SENSEX, is India’s first and most popular stock market benchmark index. Sensex is tracked worldwide. It constitutes 30
stocks representing 12 major sectors. It is constructed on a ‘free-float’ methodology, and is sensitive to market movements
and market realities. Apart from the SENSEX, BSE offers 23 indices, including 13 sectoral indices.
We have taken monthly share price data for sixty months (March 2003–February 2008) of just five companies which
are included in BSE index. Though any number of stocks can be considered, we have taken only five stocks to reduce the
complexity. Their returns, covariances and central co-moments in the form of interval numbers are used as inputs of the
said portfolio optimization problem.
Table 1 shows the companies’ short names along with their returns as interval numbers.
The covariance matrix of the return rates of these risky assets are
σ11 σ12 σ13 σ14 σ15σ21 σ22 σ23 σ24 σ25σ31 σ32 σ33 σ34 σ35σ41 σ42 σ43 σ44 σ45σ51 σ52 σ53 σ54 σ55

=

[0.02379, 0.02380] [0.01134, 0.01135] [0.00856, 0.00857] [0.00718, 0.00719] [0.00626, 0.00627]
[0.01134, 0.01135] [0.01838, 0.01839] [0.00793, 0.00794] [0.00746, 0.00747] [0.00539, 0.00540]
[0.00856, 0.00857] [0.00793, 0.00794] [0.01709, 0.01710] [0.00736, 0.00737] [0.00497, 0.00498]
[0.00718, 0.00719] [0.00746, 0.00747] [0.00736, 0.00737] [0.01832, 0.01833] [0.01841, 0.01841]
[0.00626, 0.00627] [0.00539, 0.00540] [0.00497, 0.00498] [0.01841, 0.01841] [0.01261, 0.01262]
.
The central co-moments are set in Table 2.
Let ki = 0.001, x0i = 0 for i = 1, 2, 3, 4, 5.
The short term returns, long term returns, annual dividends and fuzzy turnover rates of the five companies considered
are given in Table 3.
In sight of models (3.4.4)–(3.4.6) in Section 3.4, for the data we consider, let us construct the following three portfolio
selection problems.
Example 5.1.
min Fl(x)
subject to
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Table 3
Short and long term returns, dividends, turnover rates.
Company Short term returns (R(12)i ) Long term return (R
(36)
i ) Dividends (di) Turnover rates (ai, bi, ci, di)
RE 0.03238 0.032306 63% (0.0007, 0.0014, 0.0020, 0.0029)
LT 0.04841 0.048434 85% (0.0011, 0.0021, 0.0030, 0.0038)
BH 0.04304 0.043003 125% (0.0008, 0.0013, 0.0020, 0.0033)
TS 0.03068 0.030623 155% (0.0021, 0.0034, 0.0040, 0.0043)
SB 0.034701 0.034704 140% (0.0015, 0.0022, 0.0035, 0.0050)
Table 4
Solution of Examples 5.1–5.3.
Example Stocks RE LT BH TS SB Return λ
5.1 0 0.2637 0.2193 0.2487 0.2683 [0.03811, 0.03821] –
5.2 Proportions 0 0.2418 0.60 0.1532 0.005 [0.04136, 0.04146] –
5.3 0 0.2784 0.2471 0.2383 0.2362 [0.03859, 0.03869] 0.5
Rst(x) ≥ 0.0340, Rlt(x) ≥ 0.0340, L(x) ≥ 0.0023,
D(x) ≥ 1.20, xi ≤ 0.6yi, xi ≥ 0.005yi, yi ∈ {0, 1},
x1 + x2 + x3 + x4 + x5 = 1,
5−
i=1
yi = 4, xi ≥ 0, i = 1, 2, . . . , 5.
Example 5.2.
min Fr(x)
subject to
Rst(x) ≥ 0.0340, Rlt(x) ≥ 0.0340, L(x) ≥ 0.0023,
D(x) ≥ 1.20, xi ≤ 0.6yi, xi ≥ 0.005yi, yi ∈ {0, 1},
x1 + x2 + x3 + x4 + x5 = 1,
5−
i=1
yi = 4, xi ≥ 0, i = 1, 2, . . . , 5.
Example 5.3.
min F(x) = 1
2
Fr(x)+ 12Fl(x)
subject to
Rst(x) ≥ 0.0340, Rlt(x) ≥ 0.0340, L(x) ≥ 0.0023,
D(x) ≥ 1.20, xi ≤ 0.6yi, xi ≥ 0.005yi, yi ∈ {0, 1},
x1 + x2 + x3 + x4 + x5 = 1, xi ≥ 0,
5−
i=1
yi = 4, i = 1, 2, . . . , 5.
The hybrid intelligence algorithm is used to solve the problem. The binary coding, uniform cross over, uniform mutation
and the following parameters of genetic algorithms are considered: population size = 200, cross over probability = 0.8,
mutation probability= 0.1, chromosome length = 8n (8 bits for each), n = 6 and population generations= 25.
The solution of Examples 5.1–5.3 (for α = β = γ = 1/3) are given in Table 4.
It is clear from the results for Examples 5.1–5.3 that in Example 5.1 the investor estimates the total objective
optimistically; in Example 5.2 the investor estimates the total objective pessimistically and in Example 5.3 the output
is neither optimistic nor pessimistic but the mixed one (which can be verified from the fact that [0.03859, 0.03869] ⊂
[0.03811, 0.04146]).
The asset allocations in portfolios of Examples 5.1–5.3 are shown in Fig. 1.
6. Conclusion
This paper has introduced a new framework of fuzzy MVS portfolio selection using the concept of interval valued fuzzy
numbers. Three different models of MVS portfolio selection problem with transaction cost under the constraints on short
and long term returns with transaction costs, liquidity, dividends, number of assets in the portfolio and the maximum and
minimumallowable capital invested in stocks are considered. The efficiency of the portfolios are evaluated by looking for risk
contraction on one hand and expected return and skewness augmentation on the other hand. An empirical application has
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Fig. 1. Asset allocation in portfolios of Examples 5.1–5.3.
served to illustrate the computational tractability of the approach and the effectiveness of the algorithm. The methodology
presented here can be extended to the portfolio selection problems in hybrid and general uncertain environments. In
addition to the fuzzy simulation based GA some other meta-heuristic algorithm such as tabu search, simulated annealing,
ant-colony optimization, particle swam optimization may be employed to solve the non-linear programming problem.
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